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Abstract. The generalized p-trigonometric and (p, ^-trigonometric functions 
were introduced by P. Lindqvist and S. Takeuchi, respectively. We prove some 
inequalities and present a few conjectures for the (p, q)-functions. 
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1. Introduction 

During the past decade, many authors have studied the generalized trigonometric 
functions introduced by P. Lindqvist in a highly cited paper [L]. These so called 
p-trigonometric functions p > 1, which agree for p = 2 with the familiar functions, 
have also been extended in various directions. The recent literature on these func- 
tions includes several dozens of papers, see the bibliographies of [BEMj \DM\ [LEJ. 
Most recently, S. Takeuchi [T] has taken one step further and investigated the (p, q)- 
trigonometric functions depending on two parameters instead of one, and which for 
p = q reduce to the p-functions of Lindqvist. See also D. E. Edmunds, P. Gurka 
and J. Lang |EGL| . 

P. Drabek and R. Manasevich |DM| considered the following (p, g)-eigenvalue 
problem with the Dirichlet boundary condition. Let (j) p (x) = \x\ p ~ 2 x. For T, A > 
and p, q > 1 

(0 p (n'))' + A^(n) = O, t€(0,T), 
u(0) = u{T) = 0. 

They found the complete solution to this problem. This solution is also given in [TJ 
Thm 2.1]. In particular, for T = ir Ptq the function u(t) = sm Piq (t) is a solution to 
this problem with A = -(p — 1) where 



7T P>g = [ (i - fy 1 ^ dt = -b(i- -, -) 
Jo q \ p qj 
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If p = 2 , this eigenvalue-boundary value problem reduces to the familiar boundary 
value problem whose solution is the usual sin function. Next, we will give an alter- 
native equivalent definition of the function sm. m , which is carried out in two steps: 
in the first step we define the inverse function of sin Pj(? , denoted by arcsin Pj( j , and in 
the second step the function itself. For x G [0, 1], set 



Jo 



F p Jx) I (1- t"T 1/p dt. 



Then F pq : [0, 1] — > [0, 7T p>q /2] is an increasing homeomorphism, denoted by arcsin p(? , 
and therefore its inverse 



is defined on the the interval [0, 7r M /2]. Below we discuss also other related functions 
such as arccos Pi q, and arsinh Pi9 . 

For the expression of the function arcsin Pi9 in terms of well-known special functions 
we introduce some notation. The Gaussian hypergeometric function is the analytic 
continuation to the slit plane C \ [1, oo) of the series 

F(a, b; c; z) = 2 F x (a, b; c; z) = T z l \ z \ < i 

n=0 y ' ' 

for given complex numbers a, b and c with c / 0,-1, —2, .... Here (a, 0) = 1 for 
a^0, and (a, n) is the shifted factorial function or the Appell symbol 

(a, n) = a(a + l)(a + 2) • • • (a + n — 1) 

for n = 1,2,... . The hypergeometric function has numerous special functions as its 
special or limiting cases, see |AS] . 

For Re a; > 0, Key > 0, we define the classical gamma function T(x), the 
psi function ijj(x) and the beta function B(x,y) by 

rC*) = [°°e-H^dt, i>{x) = £M B (x,y) = 

Jo r <X> r{x + y) 

respectively. 

For x £ I = [0, 1] the function arcsin p >q considered above can be expressed in 
terms of the hypergeometric function as follows 



arcsuip g x 



[ (I - t q )- l/p dt = xF (-,-■! + --x q \ . 
Jo \P 1 q J 

We also define arccoSp^x = arcsin p(? ((l — x p ) l l q ) (see |EGLt Prop. 3.1]), and 

arsinh p „a;= f (1 + t q )- 1/p dt = x F ( -, -; 1 + -■ -x q ] . 

Jo \V Q Q J 

Their inverse functions are 

sin Pi g : (0, 7T M /2) (0, 1), cos Pig : (0, 7r Pi9 /2) (0, 1), 
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sinh Pj( , : (0, m p>q ) -> (0, 1), m p>q = -^F M , ~; 1 + ^; ~Y 

The significance of these expressions for this paper lies in the fact that we can 
now apply the vast available information about the hypergeometric functions to the 
functions arcsin p A and sin Pi9 . 

When p = q these (p, g)-functions coincide with the p-functions studied in the 
extensive earlier literature such as in [BEM, DM] \LE\ IBVj . and for p = q = 2 they 
coincide with familiar elementary functions. 

The main result of this paper is the following theorem which refines our earlier 
results in [BV] . 

1.1. Theorem. Forp,q > 1 and x G (0,1), we have 

(1) x ( 1 + ,f J < arcsin„ q x < min ( ^-x, (1 - x g y 1/{p{1+q)) x) , 
\ p(l + q)J ' 12 J 



(2) (^ 1 + x g J ^(p, g, g) < arsinh P;{ , x < ^ - - — j U(p,q,x) 
where 

and q,x) = II 



1 + 

1.2. Theorem. For p^q > 1, we /iane 



2y^F 6 g(g + 4) + 8 

aM) = M^V — ? — ' 



(2) 2 1 - 2 /^(4 + p) < ViP < 2 1 - 2 / P ^( 4 + P ) + (2^^}) 



4 p p ' p v Ve(3/2-l/p) 1 - 1 /f ; 

where p' = p/(p — 1). 

The area enclosed by the so-called p-circle 

\ X \P+ \y\P = 1 

is 7Tp )P /, see |LPj . In particular, 7r 2i2 = 7r = 3.14 . . . . 
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2. Some relations for (p, ^-functions 
In this section we shall prove some inequalities for the functions defined in Section 

1. 

2.1. Lemma. Fix p, q > 1 and x G (0, 1). 

(1) The functions 

(arcsin Pi9 (x k )) 1/k , (arsinh Pig (x k )) 1/k 

are decreasing and increasing, respectively in k G (0, oo). 

(2) The function 

k arcsin P)g (x / k) 

is decreasing on k G (1, oo). 

(3) In particular, for k > 1 



arcsin Pig (x fc ) < arcsin Pi9 (:r) < (arcsin Pi(3 yfx) ? 



(arsinh P)(? v / a : ) fc < arsinh Pig (x) < y arsinh Pi(? (:r fc ) , 
arcsin p 9 (a;/A;) < (arcsin Pig (a;))/A; . 

Proof. Let 

G{x) = [ X g{t) dt, E = G(x k ) , f(k) = (E) 1/k . 
Jo 

We get 

r = -^ log 4 + l £ v,-w logI = ^ (-. og | - - 1) , og i) 

If (7 > 1, then 

E 1 Z" 3 ^ 
^ = ^/ 9(t)dt>l. 



x* x* 
If g is increasing, then 

E'-- k = g{x k ) -- k T g(t) dt > 0, 
x k x k J 

so that x k ^ — 1 > 0. Thus /' < under these assumptions. 

For the case of arcsin Pi(J , let g(t) = (1 — t q )~ 1 / p , so the conditions are clearly 
satisfied. Next, for arsinh Pig , we set g(t) = (1 + t 9 )" 1/p and note that g(t) < 1 for 
alH > and that g is decreasing and thus conclude that /' > 0, and the claims in 
(1) follow. For (2), let 



ON GENERALIZED TRIGONOMETRIC FUNCTIONS WITH TWO PARAMETERS 5 

We get 

and this completes the proof. 

The proof of (3) follows from parts (1) and (2). □ 

2.2. Theorem. For p, q > 1 and r, s G (0, 1), the following inequalities hold: 



'!) arcsin Pi q(rs) < A/arcsin Pi g(r 2 ) arcsin Pi g(s 2 ) < arcsin Pi(? (r) arcsin Pig (s) 



(2) arsinh Pi g(r) arsinh Pig (s) < a/ arsinh Pi g(r 2 ) arsinh Pig (s 2 ) < arsinh Pi g(r s) . 

Proof. Let h(x) = \ogf(e x ) where f(u) > 0. Then h is convex (in the C 2 case 
when h" > 0, i.e. iff 

f -(f' + yf")>(f) 



V 

where y = e x and the function is evaluated at y. If /" > 0, then 

- > f (0) , 

y 

so a sufficient condition for convexity is f'{0){f'+yf") > if') 2 - If /" < 0, the reverse 
holds, so a sufficient condition for concavity is f'(0)(f + yf") < if') 2 - Suppose 

f(x)= [ g(t)dt. 



JO 

Then f = g and /" = g' . Then one easily checks that h is convex in case g(t) is 
(1 — t p )^ 1 ^ q , and concave for g(t) equal to (1 + t p )~ l ^ q . Now the proof follows easily 
from Lemma [2.11 □ 

2.3. Lemma. |KMSV[ Thm 1.7] Let f : M + — > M + be a differentiable function and 
for define 

9(X) = UW 

We have the following 

(1) if h(x) = log(/(e x )) is a convex function, then g(x) is monotone increas- 
ing for c, x G (0,1) and monotone decreasing for c > 1, x G (0,1) or 
c < 0, x G (0, 1), 

(2) ifh(x) is a concave function, then g(x) is monotone increasing for c > 1, x G 
(0, 1) or c < 0, x G (0, 1) and monotone decreasing for c, x G (0, 1). 



We get the following lemma by the proof of Theorem 12.21 and applying Lemma 
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2.4. Lemma. Let I = (0, 1). For p, q > 1 the function 



arcsm M (x 



(arcsin Pi(? (x)) fc 

is increasing (decreasing) in x £ I for k £ I (fc G K \ [0, 1]) ; and 

arsinhp !? (x fc ) 
(arsinh P)9 (x)) fc 

is increasing (decreasing) in x £ I for k G R \ / (k G [0,1]). In particular, for 

kel, 

k 1 axcsm pq {x k ) < arcsin Pig (x) 



{rrip^) 1 1 ' k y arsinh Pi g(a; A '') > axsmh. p>q (x) 



The both inequalities reverse for k G R\ [0, 1]. 



2.5. Lemma. |N2[ Thm2.1] Let f : R + — > R + &e a differentiable, log-convex function 
and let a > 1. 27ien o(x) = (f(x)) a /f(ax) decreases on its domain. In particular, 
if < x < y , then the following inequalities 

C/Ml! < (f(x)) a , 

/(ay) " /(ax) " UlUjj 

no/d irue. If < a < 1, then the function g is an increasing function on R + and 
inequalities are reversed. 

2.6. Lemma. For k,p,q > 1 and r, s G (0, 1) wn't/i r > s, we have 

^arcsin Pj(? (s) \_ fc arcsin Pi g(s fc ) 



\arcsm P) g(r) / arcsin Pig (r 
arsinh Pi g(s' c ) ^ arsinh Pi(J (s) 



arsinh Pi g(r A: ) \arsinh Pi g(r) 



Proof. For x > 0, the following functions 

= arcsin Pjg (e _:r ) , v(x) = l/arsinli Pi g(e~ 



are log-convex by the proof of Theorem 12.21 With the change of variables e x = r 
the inequalities follow from Lemma 12.51 □ 

2.7. Lemma. |Kul Thm 2, p. 151] Let J G M. be an open interval, and let f : J — > R 

be strictly monotonic function. Let f~ x : f(J) — >■ J be the inverse to f then 

(1) if f is convex and increasing, then f^ 1 is concave, 

(2) if f is convex and decreasing, then f~ l is convex, 

(3) if f is concave and increasing, then f^ 1 is convex, 

(4) if f is concave and decreasing, then f^ 1 is concave. 
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2.8. Lemma. For k,p, q > 1 and r > s, we have 

f sin p , g (r) \ fc 
\sm Ptq (s)J 

( sinh p , g (r) \ fc 
Vsinh Pig (s)y 

inequalities reverse for k £ (0, 1) 
Proof. It is clear from the proof of Theorem 12.21 that the functions 

f{x) = log(arcsin Piq (e _:r )), h(x) = log(l/arsinh Piq (e :r )) 
are convex and decreasing. Then Lemma I2.7t 2) implies that 

f-\y) = log(l/sin p , g (e^)), h'\y) = log(sinh p , g (e^)), 
are convex, now the result follows from Lemma 12.51 □ 

Let / : I — y (0, oo) be continuous, where J is a subinterval of (0, oo). Let M and 
be any two mean values. We say that / is MiV-convex (concave) if 

f(M(x,y))<(>)N(f(x),f{y)) for aRx,yeI. 

For some properties of these functions, see |AV V2] . If A(x,y) = (x + y)/2 is the 
arithmetic mean, then we see that convex functions are AA-convex. 

2.9. Lemma. [ AVV21 Thm 2.4(1)] Let I = (0, b), < b < oo, and let f : I ->■ (0, oo) 
be continuous. Then f is AA-convex (concave) if and only if f is convex (concave), 
where A is the arithmetic mean. 

2.10. Lemma. For p,q > 1, and r, s £ (0, 1), we have 

(1) arcsin Pi g r + arcsin Pi9 s < 2 arcsin 

(2) sin Pi? r + sin Pig s > 2 sin Pig 

(3) arsinh p i j r + arsinh p (J s > 2 arsinh 

(4) sinh Pi q r + sinh Pig s < 2 sinh Pi9 

Proof. Let f{x) — cirCSlIlp q X and g(x) = arsinh Pig x. Then 

f'(x) = (1 - xPy 1 ^, g'(x) = (1 + x p )- 1/p 

are increasing and decreasing, respectively. This implies that / and g are convex 
and concave. Now it follows from Lemma [2. 7( 1). (3) that f' 1 and g^ 1 are concave 
and convex, respectively. The proof follows from Lemma 12.91 □ 



< 



> 



sm Ptq {r n ) 
sm m (s k ) 

sinh Pi g(r A 
sinh P)9 (s A 



r,se (0,1), 
r,se (0,1), 



(r + s\ 



(r + s\ 



fr + s\ 



(r + s\ 
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For the following inequalities see (Bj Corollary 1.26] and [AVV2J Corollary 1.10]: 
for all x, y G (0, oo), 

cosh(y/xy) < \J cosh (a;) cosh(?/) , 

sinh(^/a^y) < \J sinh(x) sinh(?/) , 

with equality if and only if x — y. 

On the basis of our computer experiments we have arrived at the following con- 
jecture. 

2.11. Conjecture. Forp,q£ (1, oo) and r, s G (0,1), we have 

(1) sm m (y/rs) < A/sinp ig (r)sin Pi( j(s) , 

(2) smh Piq (y/rs) > ^sinh Ptq (r)sinh Ptq (s) . 

2.12. Remark. Edmunds, Gurka and Lang |EGLl Prop. 3.4] proved that for x G 
[0, vr 4 / 3 ,4/4) 

2uv 1 / 3 

(2.13) sin 4A4 (2x) = - 4 ^ 4/3 ^ 1/2 , « = sin4 /3> 4(x), u = cos 4 / 3 ,4(a;) . 

Note that in this case q — p/(p — 1) . The Edmunds-Gurka-Lang identity (12.131) 
suggests that in the particular case q — p/(p — 1) some exceptional behavior might 
be expected for sin p (? . This special case might be worth of further investigation. 

It seems to be a natural question to ask whether the addition formulas for the 
trigonometric functions have counterparts for the (p, g)-functions. Our next results 
gives a subadditive inequality. 

2.14. Lemma. Forp,q > I, the following inequalities hold 

(1) sin Pi g(r + s) < sin Pi g(r) + sin Pi g(s) , r, s G (0, 7^/4) , 

(2) sinh Pi g(r + s) > sinh Pig (r) + sinh Pi g(s) , r, s G (0, oo) . 

Proof. Let f(x) = arcsin Pi q(x), x G (0, 1). We get 

f'(x) = (l-xT 1/p , 
which is increasing, hence / is convex. Clearly, / is increasing. Therefore 

is concave by Lemma [2.7( 1). This implies that f[ is decreasing. Clearly /i(0) = 0, 
and by [AVVTj Thm 1.25], fi(y)/y is decreasing. Now it follows from |AVVH Lem 
1.24] that 

A(r + s)</ 1 (r) + / 1 (s), 
and (1) follows. The proofs of part (2) follows similarly. □ 
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For p, q > 1, x G (0, 1) and z G (0, 7r Pj(? /2), it follows from Theorem 11.11 that 
arsinhp >q x < arcsin Pi(? x, sin p(? z < sinh p(? z . 

2.15. Lemma. Forp,q > 1, s G (0,r] and r G (0,1), we /iawe 

. , arcsin D s arcsin„ r 
(1) ^- < M —, 

s r 

, . arsinh P) g s arsmh Pi(J r 



^sp/(1 + s<?) ^rP/(l + r q ) 
, . arsinh Pi g s arsinh Pjg r 
s r 
Proof. By definition we get 

arcsin p(J s s F(l/p, 1/q; 1 + 1/q; s q ) s 
arcsin Pi9 r r F(l/p, 1/q; 1 + 1/q; r q ) ~ r 

Similarly, 

arsinh Pig s _ s / (1 + s q f' p F(l,l/p;l + 1/ q; s q / (1 + s q )) < /s/(l + s q ) x 1/p 
arsinh Pi9 r ~~ r/(l + r^/pffl, 1 + l/q;ri/(l + r?)) ~~ \r/{l + ri) 

because F(a, b, ; c; x) is increasing in x. Part (3) follows from |AVVlt Theorem 
1.25]. ' □ 

3. Proof of the main results 

For the following lemma see |AVV11 Theorems 1.19(10), 1.52(1), Lemmas, 1.33, 
1.35]. 

3.1. Lemma. (1) For a,b,c> 0, c < a + b, and \x\ < 1, 

F(a, b; c; x) = (1 - x) c ' a - b F(c - a,c- b;c;x) . 

(2) For a,x G (0, 1), and b, c G (0, oo) 

ab 

F(—a, b; c; x) < 1 x . 

c 

(3) For a, x G (0, 1), and b,c G (0, oo) 

F(a, b; c; x) + F(—a, b;c;x) > 2 . 

(4) Let a, b, c G (0, oo) and c > a + b. Then for x G [0, 1], 

F(c — a)F(c — b) 

(5) For a,b > 0, the following function 

ft \ _ -^( a ' b;a + b;x) - 1 
nX) ~ log(l/(l - x)) 
is strictly increasing from (0,1) onto (ab/(a + b),l/B(a,b)). 
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We will refer in our proofs to the following identity |AS| 15.3.5]: 

(3.2) F(a, b; c; z) = (1 - z)~ b F(b, c-a;c; -z/{l - z)) . 

3.3. Lemma. [Cj Thm 2] For < a < c, — oo < x < 1 and < b < c, the following 
inequality holds 

max , (1 - x) c - a ~ b (l - x + h -^j | <F(a,b;c-x) < {l-x)- ah ' c . 

Proof of Theorem 11.11 For (1), we get from Lemma [37TI (3). (2) 

/ll 1 „ 

arcsin p(7 a; = xF\-,-;l-\ — ; x q 
\p q q 

> x {1 + 



p(l + q) 

The second inequality of (1) follows easily from Lemmas 13.31 and 13. 1( 4). 

For (2), if we replace b = l/q,c — a = l/q,c = 1 + 1/g and x q = z/(l — z) in (13.2 
then we get 

/l 1 1 
arsmh„„x = xF[-,-;l-\ — ; — x q 
\p q q 

x p \ 1/p „ A 1 , 1 x q 
F I !,-;! + -; 



1 + x 9 / V ' P ' g'l + x 9 



now the proof follows easily form Lemma 13.31 □ 

For the following Lemma see jXJ IKa} IKe] . |K V| Theorem 1].|W]. respectively. 
3.4. Lemma. The following relations hold, 

1/6 



X 



(1) v^F (-) f 8x 3 + 4x 2 + x + — J < T(l + 

(x\ x ( 1 \ 1/6 

< v^-J ( 8x 3 + 4x 2 + x + — j , x > 0, 

(2) ( I + D"' < F|T7y < ( I ^ + (i + s V / 1 • x>o,. e (o,i), 

T(b) b b ~ 1/2 

(3) ttzt < b>a>0. 
v ; r (a) a a - 1 / 2 
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FIGURE 1. We denote the lower and upper bounds of Tr PtP > by low and up 



Proof of Theorem 11.21 If we let x — 1 — 1/p and s = 1/q, then by definition 

2T{x)T{l + s) 
*™ ~ T(s + x) ' 

By Lemma [3.4( 4) we get 

Now (1) follows if we use T(l + x) — xT(x) and Lemma [3.4( 1). From [AS, 6.1.18] 

we get 

r(i/p)r(i/ P ) _ r(i/p)r(i + i/ P ) 

P ' ,P pT(2/p) r(2/p) 

= 2 -/V^- r(1 + 1/P) 



r(i/2 + i/p)' 

and (2) follows from Lemma [3.4( 2) if we take x = 1/p and s = 1/2. 
For (3), we see that 

2xr(x) 2 2 2 - 2x v ^xT(x) 2 2 2 - 2x ^T(l + x) 



r(2x) r(x)r(i/2 + x) r(i/2 + x) 
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and the lower bound follows from Lemma [3.4( 2). and the upper bound follows if we 
replace b = x + 1 and a = x + s with s — 1/2 in 13.4( 3). □ 

3.5. Remark. For the benefit of an interested reader we give an algorithm for the 
numerical computation of sin p g with the help of Mathematica® [RuJ. The same 
method also applies to sinh p >q . 

arcsinp [p_ , q_, x_] := x * Hypergeometric2Fl [1/p, 1/q, 1 + 1/q, x"p] 
sinp[p_, q_, y_] := x /. FindRoot [arcsinp [p, q, x] == y, {x, 0.5 }] . 

In the following tables we use the values of p = 2.5 and q = 3. 



X 


arcsin P) q(x) 


arccos Pi q(x) 


arsinh Pi q(x) 


0.0000 


0.0000 


1.2748 


0.0000 


0.2500 


0.2504 


1.2048 


0.2496 


0.5000 


0.5066 


1.0688 


0.4940 


0.7500 


0.7887 


0.8536 


0.7227 


1.0000 


1.2748 


0.0000 


0.9262 



X 


sin Pi q(x) 


cos Pi q(x) 


sinh Pi q(x) 


0.0000 


0.0000 


1.0000 


0.0000 


0.2500 


0.2496 


0.9937 


0.2504 


0.5000 


0.4937 


0.9500 


0.5063 


0.7500 


0.7183 


0.8309 


0.7817 


1.0000 


0.8995 


0.5943 


0.1003 
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